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INTRODUCTION 
Throughout this paper we assume that all modules are finitely generated 
over an artin algebra L!. We denote by mod /i the category of all finitely 
generated /i-modules. 
The notions of contravariantly and covariantly finite subcategories of 
mod /i (see Sect. 1 for definitions) were introduced in [8,9] by Auslander 
and Smals in connection with studying the problem of which subcategories 
of mod n have almost split sequences. While subcategories of mod n which 
are either covariantly or contravariantly finite in mod n are also the main 
objects of study in this paper, the point of view is quite different from [S] 
or [9]. Here we show that these notions are intimately related to questions 
about (a) the subcategory pm(n) of mod/i consisting of the modules of 
finite projective dimension and (b) tilting and cotilting theories. 
As far as ga(,4) is concerned, two problems are discussed: when is 
Y’“(A) contravariantly finite in mod /i and what does its being contra- 
variantly finite imply about 9=(/l)? If /i is of finite representation type, 
then Y”(A) is contravariantly finite since every subcategory of mod n is 
contravariantly finite. In fact, n is of finite representation type if and only 
if every subcategory of mod /i is contravariantly (covariantly) finite in 
mod /i (see Prop. 1.2). We also show that L?“(A) is contravariantly finite 
when n is stably equivalent to a hereditary algebra. However, an example 
due to Igusa et al. [13] shows that Y’“(n) is not always contravariantly 
finite in mod A. It is not hard to see that .!?“(A) is contravariantly finite 
in mod /i if and only if Yp” (T,(n)) is contravariantly finite in mod T,(n), 
where T2(n)= (,” z). A more general result is proved by Smalo in [ 181. 
Combining these observations we get a very wide variety of algebras A 
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with P”(n) contravariantly finite in mod n and of algebras with Pa(n) 
not contravariantly finite in mod A. An interesting problem is to characterize 
those n with P”(n) contravariantly finite in mod A. 
Suppose now that P’“(n) is contravariantly finite. Then we show two 
things about P”(n). One is that the projective dimensions of the modules 
in L+‘“(n) are bounded, i.e., the finiteness of the linitistic dimension of /i 
holds. The other result is that there are a finite number of modules 
A 1, . . . . A, in Pm(A) such that the modules in Y’“(n) are precisely the 
direct summands of modules M having filtrations M= M, 1 M, 3 . . . 3 
44, = 0 with each M,/M,+ , z Aj for some j = 1, . . . . n. This sort of says that, 
in the sense just described, .??‘“(A) is finitely generated. 
An obvious, but important, property of PP’(n) is that it is a resolving 
subcategory, i.e., is closed under extensions, kernels of surjective 
morphisms, and contains the projective modules. These types of sub- 
categories arise in cotilting theory in the following way. Suppose with each 
module T having the property Exti( T, T) = 0 for all i > 0 we associate the 
subcategory ‘T consisting of all X in mod /i such that Ext>(X, T) = 0 for 
all i> 0. It is obvious that ‘T is a resolving subcategory of mod A. We 
show that T is a cotilting module of finite injective dimension (see Sec- 
tion 5) if and only if the resolving subcategory ‘T is contravariantly finite 
in mod /1 and every n-module has a finite resolution in ‘T; i.e., for each 
C in mod n there is an exact sequence 0 -+ X,, + . . . + X0 + C -+ 0 with the 
Xi in IT. In fact sending T to lT gives a one-one correspondence between 
isomorphism classes of basic cotilting modules and contravariantly finite 
resolving subcategories of mod n such that every module has a finite 
resolution in the subcategory. Here we say that a module C is basic if in 
a direct sum decomposition into indecomposable modules, no indecom- 
posable module appears more than once. When the global dimension of n 
is finite, this gives a one-one correspondence between the isomorphism 
classes of basic cotilting modules and all contravariantly finite resolving 
subcategories of mod LL As a consequence of this, we show that when n is 
hereditary all the contravariantly finite resolving subcategories of mod ,4 
are of the form Sub T for some cotilting module T, where Sub T consists 
of all submodules of finite sums (direct) of copies of T. 
In the final section of the paper, some special types of cotilting modules 
are introduced in terms of which the notions of Cohen-Macaulay and 
Gorenstein artin algebras are defined. As the names suggest, these are 
analogues for artin algebras of the familiar notions of Cohen-Macaulay 
and Gorenstein rings which are commutative complete local noetherian 
rings. The essential point here is that the dualizing modules for such com- 
mutative rings are cotilting modules if one gives a slightly different, but 
equivalent, definition for cotilting modules over artinian algebras. 
Some of the results in this paper were announced at the May, 1988 
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Conference on Representations of Algebras at the Banach Center, and 
some results have been obtained independently by Wakamatsu [20]. 
1. BASIC RESULTS 
This section consists of variations on the following basic result. Let F be 
a subcategory of mod n which is closed under extensions and is covariantly 
finite. Then the subcategory of mod n of all X such that Exti(X, T) = 0 for 
all T in F is contravariantly finite in mod A. These variations consist of 
showing how this result can be used to construct contravariantly finite or 
covariantly finite subcategories from other covariantly or contravariantly 
finite subcategories. The rest of the paper is based in an essential way on 
the results in this section. 
Before recalling some basic facts about contravariantly and covariantly 
finite subcategories of mod /i, we discuss the notions of right and left 
minimal morphisms introduced in [8]. 
A morphism f: B -+ C in mod A is said to be right minimal if an 
endomorphism g: B + B is an automorphism whenever f = fg. The impor- 
tance of right minimal morphisms lies in the following (see [S]). 
PROPOSITION 1.1. Let f: B + C be a morphism. 
(a) There is a decomposition B = B,Ll B, (direct sum) such that f 1 B, 
is right minimal and f 1 B, = 0. 
(b) Zf B= Bt’ LI By’for i= 0, 1 are such that fl Bg’ is right minimal 
andf 1 B\” = 0 for i= 0, 1, then there is an automorphism g: B + B such that 
f = fg and g(B:“) = Bj” for j = 0, 1 and i = 0, 1. 
Given a morphism f: B -+ C, we will often denote by fo: B, -P C a right 
minimal version off, i.e., B = B, II B, and f. = f ( B, is right minimal and 
f I B, = 0. It is not difficult to see that two right minimal versions f. and fd 
off are isomorphic in the sense that there is an isomorphism g: B, + Bb 
such that f. = fd g. 
The notion of a left minimal morphism is dual to that of a right minimal 
morphism. We will often use, without stating them, results for left minimal 
morphisms which are dual to those already given for right minimal 
morphisms. 
We now begin our discussion of contravariantly and covariantly finite 
subcategories with the notion of right and left approximations of modules. 
By a subcategory X of mod n we always mean a full subcategory closed 
under isomorphisms and summands. A morphism f: X -+ C is said to be a 
right %-approximation of C if (.!Z-, X) % (3, C) + 0 is exact, i.e., 
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Hom,(X’, X) + Hom,(X’, C) + 0 is exact for all X’ in 3. It is easily seen 
that if f: X+ C is a right X-approximation of C, then any right minimal 
version fO: X0 + C of f is also right X-approximation of C. A right 
X-approximation h : X-r C is said to be a minimal right .5?-approximation of 
C if h is a right minimal morphism. Hence a module C has a minimal right 
X-approximation if it has a right E-approximation. It follows directly from 
the definition that two minimal right X-approximations h,: Xi + C, i = 1,2, 
are isomorphic in the sense that there is an isomorphism g: X, + X, such 
that h, = h, g. We will often use the notation fc: Xc -+ C to denote a 
minimal right %-approximation of C. The subcategory X is said to be 
contravariantly finite in mod A if every C in mod A has a right 5?“-approxi- 
mation. Stated in terms of functors, a morphism h : X-+ C with X in X is 
a right %-approximation if and only if ( , X) 1 X (‘f)‘T ( , C) 1 X -+ 0 is 
exact, where ( , C) 1% means the functor Hom,( , C) = ( , C) restricted to 
X. Therefore C has a right %-approximation if and only if (, C) 1% is a 
finitely generated contravariant functor from 5Y to abelian groups. This 
explains the terminology 3 is contravariantly finite in mod /1 if every C in 
mod n has a right X-approximation. 
Again we will use freely the notions of left X-approximations, minimal 
left X-approximations, and LX being covariantly finite in mod /1, which are 
the obvious duals of the notions given above, without explicitly giving their 
definitions. 
While we will see later on various examples of subcategories of mod n 
which are not contravariantly finite and subcategories which are not 
covariantly finite, we have the following result which should help to put in 
perspective the general question of subcategories being contravariantly 
(covariantly) finite in mod ,4. 
PROPOSITION 1.2. The following are equivalent for mod A. 
(a) A is offinite representation type; 
(b) every subcategory of mod A is covariantly finite; 
(c) every subcategory of mod A is contravariantly finite. 
Proof: (a) = (b), (c). It is easily seen [8, Prop. 4.21 that a subcategory 
X of mod A with only a finite number of nonisomorphic indecomposable 
objects is both covariantly and contravariantly finite. 
(b)*(a). Suppose A is of infinite representation type. Then it was 
shown in [S, Prop. 7.11 that add pa, where Y’, is the nonpreprojective 
indecomposable modules, has no finite cover. We recall that a category X 
is a cover for 9Y if every object in ?Y is a factor of an object in 3. This 
implies that add 9’, is not covariantly tinite. 
(c)*(a). Dual of (b) implies (a). 
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While we cannot say very much about the properties of X-approxima- 
tions for arbitrary subcategories X, we obtain some interesting results 
when we assume that X is closed under extensions; i.e., if 
0 -+ X+ Y + Z -+ 0 is an exact sequence in mod ,4 with X and Z in X, then 
Y is in X. We now give some results along these lines which we will be 
using throughout the rest of this paper. 
The first of these results is due to Wakamatsu [20] and will be referred 
to as Wakamatsu’s Lemma. For the convenience of the reader, we state it 
here without proof. 
LEMMA 1.3. Let X be a subcategory of mod A which is closed under 
extensions. Let C be an arbitrary A-module. 
(a) If 0 + Y + X’- C is exact with f a right minimal X-approxima- 
tion of C, then Exti(X, Y) =O, i.e., Exti(X’, C)=O for all X’ in X. 
(b) If CR’ X + Z + 0 is exact with g a left X-approximation, then 
Ext;(Z, X) = 0. 
Our next result along these lines is the following. 
PROPOSITION 1.4. Suppose 97 is a subcategory of mod A closed under 
extensions and let X be the subcategory of mod A consisting of all X such 
that Ext’(X, g) = 0. The following are equivalent for a C in mod A. 
(a) Extl( C, ) 1 g is a finitely generated functor from oy to abelian 
groups. 
(b) There is an exact sequence 0 -+ Y + X -‘, C + 0 with f a minimal 
right X-approximation of C and Y in o?. 
Proof (b) * (a). From the exact sequence (X, “Y) + (Y, 9/y) + 
ExtL(C, “2) -+ ExtL(X, uYY) and the fact that Exti(X, g) = 0, it follows that 
(Y,g)+ExtL(C,g)+O is exact. Hence (Y,)I”Y-+Ext~(C,)[Y+O is 
exact with Y in u?J, which means that ExtL(C, ) 1 ?I is finitely generated. 
(a) = (b). Since Exti( C, ) 1 Y is finitely generated and ?I is closed 
under summands, it follows that Extf,(C, ) (Y has a projective cover 
(Y, )Ig--% Exti(C, )Ig. Let 0-t Y-+XA C’+O be cp(l,.). That 
f: X -+ C is right minimal is an immediate consequence of the fact that 
cp: (Y, ) (Y -+ Exti(C, ) 1% is a projective cover. Suppose now we show 
that X is in X. Then we would have the exact sequence 
(X, X) -+ (X, C) -+ Ext!,(X, Y) with Ext>(X, Y) = 0. Therefore the right 
minimal morphism f: X -+ C would also be a right X-approximation of C. 
Hence the proof of the proposition would be complete since Y is in Y by 
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definition. So we now turn our attention to showing that the X in the exact 
sequence O-+ Y+X--+C-+O is in 2”. 
Since we want to show that X is in X, we want to show that any exact 
sequence 0 --) Y’ --) U -+L X -+ 0 with Y’ in ??I splits. 
Given such an exact sequence, we obtain the exact commutative 
pullback diagram 
0 
(*I 
I I 
C =C 
I I 
0 0 
Since g is closed under extensions, it follows that g-‘(Y) is in g, Also 
the fact that (Y, ) 1 g -+ Ext!,(C, ) 1 g + 0 is exact implies that there is a 
commutative diagram 
o- / Y -x-c-o 
1 I (I 
g-‘(Y)- u-c-o 
We therefore obtain from (*) and (**) the commutative diagram 
o- 
I lyll 
Y ---+x-c-0 
(**I 
with exact rows. From the fact that f is right minimal, it follows that the 
composition Y +g-r( Y) + Y is an isomorphism; hence the composition 
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X+ U& X is an isomorphism. Therefore 0 + Y’ -+ U + X-+ 0 splits, 
giving our desired result that Exti(X, Y) = 0, i.e., X is in X. 
As an immediate consequence of this result we have the following. 
COROLLARY 1.5. Let (3 be a subcategory of mod A closed under exten- 
sions and let X = {X in mod A( Exti(X, ?I) = 0). Then the following are 
equivalent: 
(a) ExtL(C, ) 1 ?V is finitely generated for all C in mod LI. 
(b) X is contravariantly finite in mod A and if 0 + Y + XL C -+ 0 
is exact with f a minimal right X-approximation of C, then Y is in g. 
It should be noted that n is in X and so all right X-approximations are 
epimorphisms. It should also be noted that X is closed under extensions. 
We now state without proofs the duals of Proposition 1.4 and 
Corollary 1.5. The dual of Proposition 1.4 is as follows. 
PROPOSITION 1.6. Suppose X is a subcategory of mod A closed under 
extensions and let g = ( Y in mod A 1 Ext!,(X, Y) = O}. The following are 
equivalent for a C in mod A. 
(a) Ext:,( , C) / X is a finitely generated functor from X to abelian 
groups. 
(b) There is an exact sequence 0 + C -5 Y + X + 0 with g a mini- 
mal left g-approximation of C and X in X. 
We also have the following dual of Corollary 1.5. 
COROLLARY 1.7. Let X be a subcategory of mod A closed under exten- 
sions and let Y = {Y in mod AI Exti(X, Y) =O}. Then the following are 
equivalent: 
(a) Exti( , C) 1 X is finitely generated for all C in mod A. 
(b) g is covariantly finite in mod A and if 0 --) C-h Y + X -+ 0 is 
exact with g a minimal left Y-approximation of C, then X is in X. 
It should be noted that Y contains all the injective modules and so all 
left Y-approximations are monomorphisms. It should also be noted that Y 
is closed under extensions. 
The following is an easy consequence of these results. 
PROPOSITION 1.8. Suppose F is a subcategory of mod A which is closed 
under extensions and such that Exti( C, ) I F is finitely generatedfor all C in 
mod A. Then we have the following: 
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(a) The subcategory E = {X in mod A ) Exti(X, y) =0} is contru- 
variantly finite in mod A, is closed under extensions, and contains all 
projective A-modules. 
(b) The subcategory g = { Y in mod A ( Ext ‘(3, Y) = O> is covariantly 
finite in mod A, contains y as well as all injectives, and is closed under 
extensions. 
(c) For each C in mod A, there are exact sequences 
O+Tc+X,--f-tC+O and O-+C A Yc+ Xc-+0 with f a minimal 
right %-approximation of C and T, in 5 and with g a minimal left 
?V-approximation of C and Xc in X. 
(d) X= {C in mod AIExtf,(C,g)=O}. 
Remark. If F is covariantly finite in mod A, then it is well known (see 
[S]) that Exti(C, ) 1 F is finitely generated for all C in mod A. Hence if .F 
is also closed under extensions, then F satisfies the hypothesis of Proposi- 
tion 1.8. Therefore X = {X in mod A 1 Exti(X, F) = 0} is contravariantly 
finite. 
While we do not state the dual of Proposition 1.8, we will use it when 
necessary. 
As an application of Proposition 1.8 and its dual, we prove the following. 
PROPOSITION 1.9. Let 2” and ?I be subcategories of mod A satisfying X 
is in 9” tf and only if Ext ‘(X, 9) = 0 and Y is in g if and only tf 
Ext’(.%, Y) = 0 and let o = X n g. Then we have the following. 
(a) X is contravariantly finite in mod A if and only tfg is covariantly 
finite in mod A. 
(b) If .!Z is contravariantly finite, then for each C in mod A there are 
exact sequences O+ Y,-+Xc--f-’ C-0 and O+CA Yc+Xc-+O 
where f is a minimal right X-approximation of C and Yc is in ?V and where 
g is a minimal left g-approximation of C and Xc is in 35”. 
(c) Ext;(o, o) = 0. 
(d) Suppose 3 is contravariantly finite in mod A. Then 
(i) For each X in %, there is an exact sequence 0 --, X + w  -+ 
X+0 in E with WEO. 
(ii) For each Y in g there is an exact sequence 0 -+ Y’ + w  + Y + 0 
in % with w  in co. 
Proof (a) To use Proposition 1.8 to show that SV being covariantly 
finite in mod A implies that 55” is contravariantly finite, it is only necessary 
to observe that g being covariantly finite in mod A implies that 
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Ext!,( C, ) / % is finitely generated for all C in mod A. The rest of (a) follows 
by duality. 
(b) Trivial consequence of Proposition 1.8. 
(c) Trivial consequence of definition of o. 
(d)(i) Let X be in X. Since % is contravariantly finite we know by (c) 
that there is an exact sequence 0 +X-+Y+X’+Owith Ying?/andX’in 
.ot^. Since 3 is closed under extensions, it follows that Y is in 3. Hence Y 
is in w. 
(ii) Analogous proof to (i). 
As an example of when the hypothesis of Proposition 1.9 is satisfied, we 
point out the following. 
PROPOSITION 1.10. Suppose 9” is a contravariantly finite subcategory of 
mod A which is closed under extensions and contains A. Let uTY = { Y in 
modnIExtf,(y, Y)=O). ThenX={Cinmod/iIExtJ,(C,uy)=Oj. 
ProoJ: Clearly F is contained in {C in mod ,4 1 ExtL(C, ??/) = O> by 
definition. Suppose Exti(C, g) =O. Since 5!” is contravariantly finite in 
mod 4 there is a right minimal %--approximation fC: A’, + C. Since /i is 
in Z?“, we have that fc is in epimorphism. Since 3 is also closed under 
extensions we know by Wakamatsu’s Lemma that Yc = Ker fc is in %V. 
Therefore the exact sequence 0 -+ Y, -+ X, -% C + 0 splits since 
Extf,(C, ?V) = 0. Hence C is in % and we are done. 
While we do not give the statement of the dual of Proposition 1.10, we 
will feel free to use it. 
2. MODULES T WITH Exti( T, T) = 0 
In this section we illustrate and apply the results of Section 1 in the 
course of studying modules T with Exti( T, T) = 0. We start out by giving 
various characterizations of when id, /1 d 1 (where id,M is the injective 
dimension of M) which lead to the following result. If id,, /i B 2, then there 
are modules A4 which are not submodules of projective modules such that 
ExtL(M II /i, M II A) = 0. The following known result [7, Prop. 3.51 is 
part of the reason for interest in such modules M. 
Suppose M is a n-module with the property that Exti(MLI A, 
M II A) = 0. Let End,(M) be the endomorphism ring of M modulo the 
ideal consisting of endomorphisms which factor through projective 
modules. Then for each indecomposable End(M)“P-module A, there is an 
indecomposable /i-module B such that the End(M)“P-module Ext f,(M, B) 
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is isomorphic to A. In particular if A is of finite representation type, then 
m(M) is of finite representation type. Until now it was not very clear that 
there were many nonprojective A-modules M satisfying Exti(MII ,4, 
M II A) = 0. The result stated above gives a sort of existence theorem for 
such modules. For this reason it would be interesting to explore further the 
connection between End(M)“P-modules and A-modules just described 
when Exti(MIIA,MIIA)=O. 
Another reason for interest in modules A4 with the property 
Exti(M II A, M II A) = 0 is the generalized Nakayama Conjecture which 
is equivalent to saying that a module M is projective if Ext>(M II A, 
M II A) = 0 for all i > 0 [6]. Perhaps a better understanding of modules M 
satisfying Exti(M II A, M II A) = 0 will lead to a better understanding of 
the generalized Nakayama Conjecture. 
Suppose T is a module in mod /1 and let add T be the subcategory of 
mod A consisting of summands of finite sums of T. Since add T is of finite 
type, i.e., has only a finite number of nonisomorphic indecomposable sum- 
mands, we know that add T is both covariantly and contravariantly finite 
in mod A [8, Prop. 4.21. Assume now that T satisfies Exti(T, T) = 0. Then 
add T is closed under extensions and therefore satisfies the hypothesis of 
Proposition 1.8. We denote by 9?(T) the contravariantly finite subcategory 
whose objects are the X in mod A such that Exti(X, T) = 0. We denote by 
g(T) the covariantly finite subcategory of mod /i consisting of all Y such 
that Extf, !K( T) = 0. Finally we denote X(T) n CY( T) by w(T). 
The result about modules M such that Exti(MIl A, MII A) -0 given 
in the Introduction is an immediate consequence of these definitions and 
the following result, as we shall see later on. 
THEOREM 2.1. The following are equivalent: 
(a) id,A Q 1. 
(b) o(A) consists only of torsionless modules, i.e., submodules of free 
A-modules. 
The proof of this theorem will take several steps and is based on the 
following characterization of when idA. < 1. 
PROPOSITION 2.2. The following are equivalent for A. 
(a) id,,OpAoP < 1. 
(b) A A-module X is torsionless if Exti(X, A) = 0. 
Proof: (a) * (b). Suppose Exti(X, A) = 0. Then Tr X is a torsionless 
Aop-module since we have the exact sequence 0 + Exti(X, A) + Tr X-+ 
(Tr X)**, where Tr X is the transpose of X and M* = Hom,(M, A) [ 1, 
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Prop. 6.31. Therefore Ext&,(Tr X, Aop) = 0 since Tr X is a submodule of a 
free module and id,o,AoP 6 1. This implies that Tr(Tr X) is torsionless, 
which implies that X is torsionless. 
(b)=(a). Let A be a torsionless Aop-module. Then Exti(Tr A, A) 
= 0. Therefore by (b) we have that Tr A is torsionless, which implies 
ExtL,,(Tr Tr A, Aop) = 0. Therefore Ext&,(A, Aop) = 0 for all torsionless 
A”!‘-modules A, which is equivalent to idnoPAoP d 1. 
Combining this proposition with Proposition 1.9 we obtain the follow- 
ing. 
PROPOSITION 2.3. The following are equivalent for A. 
(a) id,,,AoP d 1. 
(b) w(A) consists only of torsionless modules. 
ProoJ (a)=(b). Let M be in o(A). Since A is in w(A) and clearly 
Exti(w(A), o(A)) =O, it follows that Extf,(M, A) =O. Therefore M is 
torsionless by Proposition 2.2 since idnopAoP d 1. 
(b)*(a). By Proposition 2.2 we have that id,,,,A’P< 1, if 
ExtL(M, A) = 0 implies M is torsionless. Suppose ExtL(M, A) = 0. Then M 
is in x(A). Therefore by Proposition 1.9, we know that there is a 
monomorphism 0 + X + w  with w  in w(A). Therefore X is torsionless since 
all modules in w(A) are torsionless. 
Theorem 2.1 is now a trivial consequence of Proposition 2.3 and the 
well-known result that id, A d 1 if and only if id,,OpAoP 6 1. This can be 
seen by observing that if id,, A < 1, then since Ext!,(A, A) = 0 and A has the 
same number of nonisomorphic indecomposable summands as the number 
of simple modules, then A is a classical cotilting module by [lo]. Hence 
there is an exact sequence 0 + P, + P,-+D(Aop) +O with P, and P, 
projective A-modules, so that id,+ Aop d 1. Here D denotes the ordinary 
duality with respect to the commutative artin ground ring. 
As an easy consequence of Theorem 2.1 we have the following. 
COROLLARY 2.4. Suppose id,, A 2 2. Then there are A-modules M which 
are not torsionless such that Exti(M LI A, M Ll A) = 0. In particular, there 
are nonprojective A-modules M such that Ext L(M LI A, M LI A) = 0. 
Proof: Since A is in u(A) and ExtL(o(A), w(A)) =0 it follows that 
ExtL(M I.I A, M LI A) =0 for all M in u(A). Since id,Ak2, it follows 
from Theorem 2.1 that there are M in w(A) which are not torsionless. 
Hence we obtain our desired result. 
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We end this discussion of modules M such that Ext!,(MI.I A, 
M II A) =0 by pointing out another way of constructing such modules. 
This will also give a way of characterizing when a module T with 
Exti( T, T) = 0 has id,, TQ 1, i.e., is a summand of a cotilting module of 
injective dimension at most one [12]. 
Suppose T is a module such that ExtL(T, T) = 0. We define d(T) = 
{Z in mod n 1 Exti(Z, 3(T)) =O}. Since T is in X(T) we have 
that 9’(T) c 9”(T) and so Ext),(s(T), 9’(T)) = 0. It then follows that 
Ext!,(MII /i, M II /1) =0 for all M in b(T) since ,4 is in E?‘(T). Therefore 
there is some interest in knowing when a(T), which contains the projec- 
tive /l-modules, consists only of projective &modules. We give an answer 
to this question under the additional hypothesis that X(T) is covariantly 
finite in addition to being contravariantly finite. 
PROPOSITION 2.5. The following are equivalent for a module T satisfying 
Ext;( T, T) = 0. 
(a) id,, Td 1. 
(b) X(T) is covariantly finite in mod A and 3’(T) consists only of 
projective A-modules. 
Proof (a) * (b). We shall see in Section 5 that if Ext>( T, T) = 0 and 
id, Td 1, then X(T) is covariantly finite in mod A. We show now that 
d(T) consists solely of projective modules. Since id,, T< 1, we have that 
X(T) contains SZC, the first syzygy of C, for all C in mod A. Suppose Z in 
a(T) is indecomposable. Let f: Z + S be an epimorphism with S a simple 
n-module. Let 0 -+ QS + P + S + 0 be exact with P + S a projective cover. 
Since QS is in X(T), we have that Ext!,(Z, QS) = 0. Therefore f: Z + S can 
be lifted to P + S, which implies that Z is projective since it is indecom- 
posable. 
(b) * (a). Since we are assuming that .!X( T) is covariantly linite and 
closed under extensions, we know by Proposition 1.8 that for each C in 
mod n there is an exact sequence 0 +X,+Z,+C+O with X, in %(T) 
and Z, in 3(T). But we are also assuming that Z, is projective and there- 
fore Ext>(C, T) E Exti(X,, T) =0 for all C in mod A. Hence id,, T< 1. 
As our final remark along these lines, we point out that it is known [S, 
Prop. 7.13 that %(A) is always covariantly finite. Therefore we have the 
following. 
COROLLARY 2.6. The following are equivalent for A. 
(a) idn<l. 
(b) b(A) consists of the projective A-modules. 
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3. RESOLVING SUBCATEGORIES 
In Section 1 we were mainly concerned with subcategories of mod n 
closed under extensions. This section is devoted to pointing out the form 
some of these results take if we assume the subcategories involved are not 
only closed under extensions but are resolving or coresolving subcategories. 
These results will be used throughout the rest of the paper. We begin by 
giving the definitions of resolving and coresolving subcategories, notions 
introduced in [2]. 
A subcategory X of mod A is said to be a resolving subcategory if it 
satisfies the following three conditions: (a) closed under extensions, 
(b) closed under kernels of surjections, and (c) contains the projective 
/i-modules. If V is a subcategory of mod n we define %? to be the 
subcategory of mod n consisting of those X such that ExtL(X, %‘) = 0 for 
all i> 0. It is easily checked that 9? is a resolving subcategory for all 
subcategories V of mod A. It is these types of resolving subcategories which 
will be our main concern. 
There is also the dual notion of a coresolving subcategory. A sub- 
category uy is said to be coresolving if it satisfies the following three condi- 
tions: (a) closed under extensions, (b) closed under cokernels of injections, 
and (c) contains all injective n-modules. If G9 is a subcategory of mod /i we 
denote by %’ the subcategory consisting of all Y such that Exti(V, Y) = 0 
for all i > 0. It is easily checked that V1 is a coresolving subcategory of 
mod n for all subcategories %’ of mod /i. 
We now point out an important but easily proven property of resolving 
and coresolving subcategories. 
LEMMA 3.1. Suppose %Y is a coresolving subcategory of mod A. Let 
X = {X in mod A 1 Ext!,(X, “3) = O}. Then 
(a) X= lg. 
(b) X is a resolving subcategory of mod A. 
Proof (a) Since 1g c X, we only have to show that if Ext>(X, CV) = 0, 
then Ext>(X, CV) = 0 for all i> 0. Suppose Y is in u! and let 
0 + Y 60 I, -% I, 3 . . be a minimal injective resolution of Y. Since $V 
is coresolving, we know that Im ai = Sz-‘Y is in g for all i 2 0, and our 
claim follows easily from this. 
(b) Easy consequence of (a). 
We now state the dual of Lemma 3.1. 
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LEMMA 3.2. Suppose 9” is a resolving subcategory of mod A and let 
?? = { Y in mod A 1 Exti(!K, Y) = O}. Then 
(a) Y=Xl. 
(b) ??I is a coresolving subcategory of mod A. 
Combining Lemma 3.1 and 3.2 with the results of Section 1, we obtain 
the following. 
PROPOSITION 3.3. Let 57 be a resolving, contravariantly finite sub- 
category of mod A. 
(a) q = X’ is a coresolving, covariantly finite subcategory of mod A. 
(b) !X”==Y==(!X-I). 
(c) For each C in mod A, there is a unique up to isomorphism exact 
sequence 0 + Y, 4 X, A C --) 0 satisfying 
(i) f is a minimal right X-approximation of C. 
(ii) Y, is in %. 
(iii) f induces isomorphisms Ext>( X, Xc) 1: Ext >(X, C) for all X in 
!E and i>O. 
(d) For all C in mod A, there is a unique up to isomorphism exact 
sequence 0 + CA Yc + Xc + 0 satisfying 
(i) g is a left minimal 5V-approximation of C. 
(ii) Xc is in X. 
(iii) g induces isomorphisms Ext>( Yc, Y) N Ext>(C, Y) for all i > 0 
and all Y in ?V. 
Proof (a) Since X is closed under extensions and is contravariantly 
finite, we know by Proposition 1.8 that Y = { Y in mod A 1 Ext!,(X, Y) = O> 
is covariantly finite. By Lemma 3.2 we have that Y = 5?%“I and is coresolving 
since X is resolving. 
(b) Since % is contravariantly finite, closed under extensions, and 
contains A, we know by Proposition 1.10 that 3 = (Xin mod A I Exti(X, Y) 
= O}. Since Y is coresolving, we know by Lemma 3.1 that X= IY. 
(c) The fact that there is an exact sequence 0 + Y, --t X, + C+ 0 
satisfying (i) and (ii) was shown in Proposition 1.8. 
That it also satisfies (iii) is a trivial consequence of the fact that Y = ZL. 
(d) dual of (c). 
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Given a resolving contravariantly finite subcategory X, we will usually 
denote X’ by Y and denote XnY by w. With this notation in mind, we 
have the following result. Here we say that a category or a module C is 
selforthogonal if Ext >( C, C) = 0 for all i > 0. 
PROPOSITION 3.4. Let X be a resolving contravariantly finite subcategory 
of mod A. Then w = X r~ u% has the following properties. 
(a) o is selforthogonal. 
(b) For each X in X there is an exact sequence 0 -+ X + w -+ X’ + 0 
with w in o and X’ in X. 
(c) For each Y in Y there is an exact sequence 0 -+ Y’ + w -+ Y + 0 
with Y’ in ~2 and w in o. 
Proof (a) is a trivial consequence of the definition of o. (b) and (c) are 
proven in Proposition 1.9. 
Remark. Instead of starting in Proposition 3.3 with a resolving, 
contravariantly finite subcategory X, we could have started with a 
coresolving, covariantly finite subcategory Y and obtained the dual result 
to Proposition 3.3. This shows that there is a bijection between resolving, 
contravariantly finite subcategories X and coresolving, covariantly finite 
subcategories Y of mod A given by X H Xi with inverse Y H 1 Y. 
Our aim now is to show that if X is a resolving subcategory of 
mod A, then the subcategory consisting of all A-modules having right 
X-approximations is closed under extensions. This has the important 
consequence that in order to check that a resolving subcategory X is 
contravariantly finite, one has only to check that the simple modules have 
right X-approximations instead of having to check this for all modules. 
We begin with a preliminary observation. 
LEMMA 3.5. Suppose X is a resolving subcategory of mod A and 
0 + Y, + X, f C + 0 is an exact sequence with f: X, + C a minimal 
right X-approximation of C. Then Y, is in Xl. 
ProoJ: By Wakamatsu’s lemma (Lemma 1.3) we know that 
ExtL(X, Y,)=O since X is closed under extensions. Since X is also 
resolving it follows by Lemma 3.2 that Yc is in Xl. 
Our desired result will be a trivial consequence of the following result 
whose proof we include for completeness even though it is essentially the 
same as the proof of Lemma 3.1 in [3]. 
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PROPOSITION 3.6. Suppose A%? is a resolving subcategory of mod A. Let 
be an exact commutative diagram of A-modules with the Xi in X and Yi in 
g = Xl. Then there is an exact commutative diagram 
1 
O-Y- ,' 
1 
o--x,--+ 
I 
fl 
o-c,- 
i 
0 
with X2 in ?E and Y, in $f. 
Proof: Let 
0 0 
I I 
Y, - Y, - 0 
I I 
x*---+x,-o 
I I 
f-2 A 
c2 - c, - 0 
I I 
0 0 
o-c,- x,x,, G -x,-o 
II I 1 
o-c,- C2 -c,-0 
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be a pullback diagram. Because Y, is in 3’ and X, is in X, we know that 
the epimorphism f, : A’, + C, induces an isomorphism Ext’J A’,, X, ) N 
Ext,\(X,, C, ). Therefore we have a commutative exact diagram 
0 
I 
Y, 
I 
o-x,--- x, -x,-o 
I I I/ 
o-c,-----+x,xc,-x3-0 
I I 
0 0 
This gives rise to the exact commutative diagram 
0 - Y, - Y, - Y, - 0 
I I I 
o-x,-x,-x,-o 
k Ifi p 
o-c,- cz----+ CT-0 
I I I 
0 0 0 
Since S and ?I = X’ are closed under extensions, it follows that X2 is in 
,?& and Y, is in ?V. This finishes the proof. 
Combining Lemma 3.5 and Proposition 3.6, we have the following, 
which includes our promised result. 
PROPOSITION 3.7. Suppose X is a resolving subcategory of mod A. Then 
we have the following. 
607.‘R6.‘1-9 
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(a) The subcategory of all modules having right !K-approximations is 
closed under extensions. 
(b) !X is contravariantly finite in mod A tf and only if the simple 
A-modules have right X-approximations. 
Proof: Let 0 + Cr + C2 + C, + 0 be exact and suppose Xi 3 Ci + 0 
are minimal X-approximations for Ci for i= 1 and 3. Then we have the 
commutative exact diagram 
0 0 
which by Lemma 3.5 has the property that the Yi are in g = !Et^ l and the 
Xi are in 5? for i= 1, 3. Therefore by Proposition 3.6, we know there is an 
exact sequence 0 + Y, +X, & C, + 0 with Y, in 94 and X, in %. Hence 
f2: X, -+ C2 is a right %-approximation of Cz. 
(b) Trivial consequence of (a). 
As another interesting consequence of Proposition 3.6, we have the 
following. 
PROPOSITION 3.8. Suppose X is a resolving, contravariantly finite sub- 
category of mod A. Let S1, . . . . S, be a complete set of nonisomorphic simple 
A-modules and let fi: Xi + Si be minimal right X-approximations of the Si 
for i = 1, . . . . t. Then the modules in X consist of the summands of modules M 
with the property that there is a filtration M = M, I M, 3 . . I M, = 0 such 
that for each i = 0, . . . . n - 1 we have M, fM,, , z Xi for some j = 1, . . . . t. 
Proof Proceeding by induction on the length of a module, it follows 
from Proposition 3.6 that for each A-module C, there is an exact sequence 
O+Y+X+C+Owith Yin~=%~andXin%“suchthatXhasa!iltra- 
tion X=X0xX11 ... 3 X, = 0 with each X,/X,+, g Xi for some j= 1, . . . . t. 
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Suppose now that C is in X. Then the exact sequence 0 + Y -+ X + C + 0 
splits since Y is in Y. This gives our desired result. 
The following is an easy but important consequence of Proposition 3.8. 
Here pd, X denotes the projective dimension of X. 
COROLLARY 3.9. Let X be resolving contravariantly finite subcategory of 
mod A. Let ft : Xi + Si, i = 1, . . . . t, be minimal right %-approximations for a 
complete set of nonisomorphic simple modules S,, . . . . S,. Then the following 
are equivalent. 
(a) k=max(pd,X,Ii= 1, . . . . t} <co, 
(b) max{pd,XIXin E}=k<oo, 
(c) pd, X < co for each X in 3. 
Proof (a) =z- (b). Let C be in 3. Then we know by Proposition 3.8 
that C is a summand of a module M which has a filtration 
M=M,3MM,3 ... 1 M, = 0 such that each MJM,+ r z X, for some 
j = 1, . . . . t. Therefore pd M Q k which implies pd C < k since C is a sum- 
mand of M. 
(b) =- (c). Trivial. 
(c) 3 (a). Trivial. 
As a trivial consequence of Corollary 3.9, we have the following. 
COROLLARY 3.10. Let ZE be the subcategory of mod A consisting of the 
modules with pd, X < co. If % is contravariantly finite in mod A, then 
max{pd, XI X in %} < 00. 
Proof. Since it is well known that X is a resolving subcategory of 
mod .4, our desired result is an immediate consequence of Corollary 3.9. 
If the subcategory S consisting of the modules of finite projective 
dimension were always contravariantly finite, it would then follow from 
Corollary 3.10 that the finiteness of the linitistic dimension of artin algebras 
is valid. Unfortunately, there are examples of artin algebras where the 
subcategory of modules of finite projective dimension is not contravariantly 
finite, as well as many examples where it is. We give some of these exam- 
ples in the next section. Little is known about the general question of when 
the subcategory of modules of finite projective dimension is contravariantly 
finite. 
The dual statements of the results in this section are left to the reader to 
give. 
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4. SUBCATEC~RIES OF MODULES OF FINITE PROJECTIVE DIMENSION 
Until now we have not placed any condition on the modules in the sub- 
categories we have been dealing with. In this section we will be dealing 
primarily with subcategories all of whose objects have either finite projec- 
tive dimension or finite injective dimension. As usual, we will be studying 
these subcategories from the point of view of being contravariantly or 
covariantly finite in mod ,4. We first introduce some notations. 
We denote by pd,C or pd C the projective dimension of the 
/l-module C. For each nonnegative integer k we denote the subcategory 
consisting of all modules M with pd, M < k by Pk(n) and the subcategory 
consisting of all modules N with id,, M d k by Y”(n). We denote by 9’“(A) 
the subcategory of all modules of finite projective dimension, and by 
Y’(A) the subcategory of modules of finite injective dimension. It is easily 
checked that P”(n) is a resolving and Y’(n) is a coresolving subcategory 
of mod ,4 for all k = 1, . . . . co. In view of our previous results, it is interesting 
to know for which k the subcategory Bk(/l) is contravariantly finite, and 
for which k the subcategory Yk(n) is covariantly finite. 
Clearly P’(n) is contravariantly finite and 9’(/1) is covariantly finite 
since they have only a finite number of nonisomorphic indecomposable 
modules. For a similar reason, when n is of finite representation type, all 
the $Pk(/i) are contravariantly finite and all the X”(n) are covariantly 
finite. 
We now turn our attention to the question of whether 9i(/1) is con- 
travariantly finite. The fact that it is not in general the case has been shown 
by Igusa et al. [13]. They show that if n is given by the quiver 
s 
‘a .-. 
--L 
with relations ay = ya = y/? = 0, then 9’(n) = P’“(A) and P’(n) is not con- 
travariantly finite. On the other hand, they show that if/i has the property 
that pd, 1,(/i)< 1 where 1,(/1) is the injective envelope of .4, then P”(n) 
is contravariantly finite in mod LI. In view of these examples it is of interest 
to have a better understanding of when P”(n) is contravariantly finite. 
We now give some characterizations of when B’(A) is contravariantly 
finite which are of interest in themselves as well as being useful for showing 
later on that 8”(A) is contravariantly finite for all n which are stably 
equivalent to hereditary algebras. 
To this end, it is convenient to have the following notation. For each 
subcategory %’ of mod A, we denote the category V modulo projectives 
by g. We say that a module M is torsion if M* = Hom,(M, /i) = 0. 
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Finally, we denote by Tr: mod A -+ & Aop the duality given by the 
transpose. Keeping this notation in mind, we begin with the following 
preliminary observation. 
LEMMA 4.1. The duality Tr: &A +a Aop induces a duality 
Tr: Y’(A) -+ F-, where 9 is the category of torsion Aop-modules. - - 
ProoJ: Suppose pd,Md 1 and let 0 + P, + P, + M + 0 be a minimal 
projective resolution. Then P,* + P: + ExtL(M, A) -+ 0 is exact. Therefore 
0 + Ext;(M, A)* + P:* + P$* IS exact. This means that Extt,(M, A)* = 0 
since the Pi are reflexive A-modules. Hence Tr M = Ext,:(M, A) is a torsion 
module. 
Suppose now that U is in Y. From the minimal projective presentation 
Q, -+ Q, -+ U + 0, we deduce the exact sequence 0 + U* + Q$ + QT + 
Tr U+O. Then pd,TrU< 1 since U*=O. 
As a consequence of this lemma, we have the following. 
PROPOSITION 4.2. The subcategory .9”(A) of mod A has the following 
properties. 
(a) PI(A) is couariantly finite in mod A. 
(b) Y”(A) is contravariantl-v finite in mod A if and only if F is 
covariantly finite in mod A. 
Proof: This proof is based on the following fact. 
Suppose 59 and 9 are subcategories of mod A and mod Aop, respectively, 
such that the duality Tr: mod A +&A Op induces a duality between: 
and 2. Then ‘?Z is contravariantly finite in mod A if and only if 9 is 
covariantly finite in mod Aop [S, Cor. 7.33. 
(a) Since Y is closed under factor modules, it is easily seen that Y 
is contravariantly finite in mod Aop [8]. Hence by our above remark 
9”‘(A) is covariantly finite since the transpose induces an equivalence 
between Y”(A) and z by Lemma 4.1. 
(b) This is a trivial consequence of Lemma 4.1 and the above 
remark. 
As an easy consequence of Proposition 4.2, we have the following. 
COROLLARY 4.3. The subcategory {X in mod A 1 Exti(X, 9”(A)) = 0} is 
a contravariantly finite subcategory of mod A. 
Proof Since 9’(A) is closed under extensions and is covariantly finite 
by Proposition 4.2, we have by the remark following Proposition 1.8 that 
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the subcategory of all X such that Exti(X, 8’(A)) = 0 is contravariantly 
finite. 
It would be interesting to have a description of the modules X such that 
Ext’(X, 8’(A)) = 0. 
We now want to give another description of when 9’(n) is con- 
travariantly finite. This is based on the following. 
PROPOSITION 4.4. P?‘(A)’ consists of all A-modules M which have a 
filtration M = M, 3 M, ZJ . . . =) M, = 0 such that M,/M, + 1 is a factor of an 
injective module for all i = 0, . . . . n - 1. 
Proof It is clear that 9’(/1)’ consists of all M such that 
Exti(B’(n), M)=O. It is also clear that if pd Xd 1, then Ext!,(X, M)=O 
if M is a factor of an injective module. Hence if M has a filtration 
M = M, 3 MI 2 . . 3 M, = 0 such that M,/M,+ i is a factor of an injective 
module, then Exti(9’(n), M) = 0. 
Suppose pd X Q 1. Then for each n-module M, we have 
Ext!,(X, M) z D m(Tr DM, X) g D(m,(Tr X, D(M))) [7, Sect. 31. 
But m,(Tr DM, X)rHom,(Tr X, D(M)) since by Lemma4.1 we have 
that Tr X is torsion. Again by Lemma 4.1, as X runs through .??“(/i), 
we have that Tr X runs through all torsion noP-modules. Hence 
Exti(g’(/l), M) = 0 if and only if Hom,,,(T, D(M)) = 0 for all torsion 
/ioP-modules T. Using duality, our result is an immediate consequence of 
the following. 
LEMMA 4.5. A AoP-module N has the property that Hom,Op(F, N) = 0 if 
and only tf N has a filtration N = N, 3 N, 3 . . . 2 N, = 0 such that N,/N, + , 
is a torsionless AoP-module for i = 0, . . . . n - 1. 
Proof Suppose N is a torsionless module. Then Horn&Y-, N) = 0 
since N is a submodule of a free n-module. Hence Hom,Op( T, N) = 0 if N 
has a filtration N = N, 3 N, 1 . . . 2 N,, = 0 such that N,/N,+ I is torsionless 
for i = 0, . . . . n - 1. 
Suppose now that Hom,,op(F, N) = 0 and N # 0. Since N is not in F-, we 
have that f: N + N ** is not zero. Letting N, = ker f, we have that N/N, is 
torsionless. If N, = 0, we are done. If N, # 0, we may proceed as before 
since Horn ,&F, N,) = 0. Therefore we obtain a descending chain of 
submodules N = N,, 1 N, 2 . . . 1 N, = 0 with N,/N,+ i torsionless. 
As an easy consequence of Proposition 4.4, we obtain the following, 
where we recall that factor modules of injective modules are called 
cotorsionless modules. 
COROLLARY 4.6. The following are equivalent. 
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(a) g’(A) is contrauariantly finite. 
(b) The subcategory of mod A consisting of all A-modules A4 having 
filtrations M = M, 1 M, 3 ... 3 M, = 0 such that M,/M,+ I is a cotor- 
sionless module for all i = 0, . . . . n - 1 is covarant1.y finite. 
Proof. It is easily seen that pd, Xb 1 if and only if Exti(X, M) = 0 for 
all cotorsionless modules M. Therefore g”(A) = ‘((Y’(A))‘). Combining 
this with the fact that Y”(A) is a resolving subcategory, we know by 
Proposition 1.9 that Y’(A) is contravariantly finite if and only if g’(A)’ 
is covariantly finite. By Proposition 4.4, we know that Y’(A)’ is precisely 
the subcategory of mod A described in (b). Hence the equivalence of (a) 
and (b) is proven. 
The rest of this section is devoted to proving that if A is stably 
equivalent to a hereditary algebra, then pm(A) is contravariantly finite in 
mod A. We begin with the following more general result. 
PROPOSITION 4.7. Let a be an ideal in A with pd, A/a < 00 such that if 
M is a A-module with pd,M< co, then pd,,,MJaM < co. Let C be a 
Ala-module. Then we have the following. 
(a) A map B + C in mod Ala is a right 9-(/1/g)-approximation of C 
if and only tfit is a right p”(A)-approximation of C. 
(b) If A -+ C is a right 9”(A)-approximation of C, then AJaA -+ C is 
a right YW(AJa)-approximation gf C. 
Proof Suppose B A C is a right 9” (A/a)-approximation of C. Since 
pd, A/a < GO and pd,,, B < co, we know that pd, B < co. Suppose now that 
we have a morphism XL C with X in pa(A). Then g is the composition 
X --% Xl@ L C. Since pd ,,,$ X < co, j can be lifted to B. Therefore g can 
be lifted to B. 
The fact that if a map B -+ C in mod A/g is a right p”(A)-approxima- 
tion, then it is a right YP(A/a)-approximation, follows trivially from the 
fact that Y”(A/tz)c9”(A) since pd,,A/a< co. 
(b) We have that A + C is the composition A + A/aA -+ C. Let 
X + C be a morphism with X in Y’“(A/a). Then X is in P”(A) and so 
X + C factors through A --f C and therefore through A/aA --t C. Since 
pd,,,A/gA < 00, we have that A/aA --f C is a right Y’“(A/a)-approxima- 
tion. 
As an easy consequence of this proposition we have the following. 
COROLLARY 4.8. Let a be an ideal in A satisfying the hypothesis of 
Proposition 4.7. Then we have the following. 
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(a) If pm(A) is contravariantly finite in mod A, then .Yoo(A/g) is 
contravariantly jkite in mod A. 
(b) If gS= 0 for each simple A-module S with pd,S= co, then 
g”(A/g) contravariantly finite in mod A/g implies pm(A) contravariantly 
finite in mod A. 
Proof: (a) This is an immediate consequence of part (b) of the above 
proposition. 
(b) Since the category of A-modules which have right Y’“(A)- 
approximations is closed under extensions, it follows that Y’“(A) is con- 
travariantly finite in mod A if each simple A-module has a right pa(A)- 
approximation (see Proposition 3.7). Suppose S is a simple A-module. If 
pd, S < co, we are done. Suppose pd, S= co. Then by assumption S is a 
A/G-module and therefore has a right g”(A/g)-approximation A --t S, since 
Y’“(A/_a) is contravariantly finite in mod A by assumption. But A + S is 
also a right .9”(A)-approximation by part (a) of the above proposition. 
This finishes the proof of the corollary. 
We give an application of this corollary after introducing the following 
notation. We denote by Q (mod A) the subcategory consisting of the 
syzygy modules Q(C) for all C in mod A. It should be noted that 
SZ(mod A) is nothing more than the submodules of yP for all projective 
modules P, where r is the radical of A. Further we denote by r,(A) the 
trace of a category V in the module A, that is, the submodule of A 
generated by the images of all maps C + A with C in 59. 
PROPOSITION 4.9. Suppose pd a < co where a is the ideal 
ZQ(mod/l)n sm(n,(!). Then 
(a) a=~. 
(b) If M is a A-module with pd,M< co, then pd,.,,,M/aM= 0. 
(c) z?“(A/g)=g’(A/g) and is therefore contravariantly Jinite in 
mod Afg. 
(d) L?‘“(A) is covariantly finite in mod A. 
Proof: (a) Obvious. 
(b) We first observe that if P is a projective module, then 
gP=z P(modA)n9’m(A)~P~ Suppose now that pd,M< 00 and that 
0 + S2M + P f- M -+ 0 is exact with f a projective cover of M. Since 
pd, QM < co, we have that l2M is in Q(mod A) n.Ya(A). Therefore 
!2MCT R(mod,,) n Bm(n ,yP = gP, and we have P/gP N M/gM. 
(c) &ppose M is in p”(A/g). Then pd, M < co and so M = M/gM 
is A/@-projective by (b). 
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(d) Since the ideal a satisfies the hypothesis of Proposition 4.7 and 
a cc, it follows from Corollary 4.8 that am(A) is contravariantly finite 
since L?? w  (A/a) is contravariantly finite. 
As an easy consequence of this proposition we have the following. 
COROLLARY 4.10. Suppose pd a < cc when a is the ideal 
z~(,,,~~,, , n ?“(,, Jr). Then the A-modules of finite projective dimension are the 
summands of modules M which have filtrations M = M0 I M, 3 ... 3 
M, = 0 where each M,/Mi+ , is an indecomposable projective Ala-module. 
ProofI Since Y’(A/a) = p”(A/a), we know that the right Y’“(A/a)- 
approximation is its projective cover. It then follows from the fact that a 
satisfies the hypothesis of Proposition 4.7 (see Proposition 4.9) that the 
A/a-projective covers of the simple A-modules are the right p&(/i)- 
approximations of the simple A-modules. The corollary follows from this 
observation by Proposition 3.7. 
We now give some criteria for when pd,,a < co for the ideal 
a=za,,,,,,,,,,,,,(r). 
PROPOSITION 4.11. Suppose A satisfies the following: 
(i) Each indecomposable torsionless module is simple or has finite 
projective dimension. 
(ii) If S is a simple composition factor of yP/soc P for P indecom- 
posable projective, then S is either a torsion module or has finite projective 
dimension. 
Then @,.,a < CC where a = Zn(,,dn)n.iP”‘(,,,(r). 
Proof: Suppose pd a = co. Then by (i) we know that a= 
A II S, II S2 II ... II S, where pd A < cc and the Si are simple modules 
with pd Si = cc for all i= 1, . . . . n. Let S = Sj for some i. Then there is an 
epimorphism L f S with L indecomposable in Q(mod A) n 9". It 
follows that f(soc L) = 0. For otherwise f  would be a splittable epimor- 
phism and so pd, S < co, since pd, L < co; but this is impossible. Hence S 
is a composition factor of L/sot L. Since L is also in Q(mod /i), we have 
that L c _rP for some projective module P. Therefore L/sot L c rP/soc P 
which implies by (ii) that S is torsion since pd S= co. But this contradicts 
the fact that S c a. Therefore a = A, that is, pd a < co. 
We now show that algebras stably equivalent to hereditary algebras 
satisfy the hypothesis of Proposition 4.11. 
LEMMA 4.12. The following are equivalent for an artin algebra A. 
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(a) A satisfies the following. 
(i) A simple module S is a torsion module if it is a composition 
factor of ~Plsoc P for some indecomposable projective module P. 
(ii) Every indecomposable torsionless module is simple or projective. 
(b) A is stably equivalent to a hereditary algebra. 
Proof We first recall that n is stably equivalent to a hereditary algebra 
if and only if it satisfies (i) every simple torsionless nonprojective module 
is cotorsionless and (ii) every indecomposable torsionless module is simple 
or projective [S]. 
(a) * (b). We only have to show that every simple torsionless non- 
projective module is a cotorsionless module. We do this by showing that 
part (i) of (a) implies what we want. 
By Proposition 4.4 we know that a simple module S is cotorsionless if 
Exti(S’(n), S) =O. Let S be a simple torsionless nonprojective module 
and let pd, M Q 1. Let 0 + PI -% PO -+ M + 0 be a minimal projective 
resolution of M. Then Im h c yP,. Let Pi be an indecomposable summand 
of P,. Then P’,/soc P’, G yP,/soc P, and so the composition factors of 
Pi /sot Pi are torsion modules. So Hom,(P; /sot Pi, S) = 0 since S is 
torsionless. Also if f: Pi + S is not zero, then f(soc Pi) = 0. Otherwise, f 
would be a splittable epimorphism which implies S is projective. Therefore 
Hom,(P,, S) = 0, which implies that Exti(M, S) = 0. Therefore S is 
cotorsionless. 
(b) + (a). We only have to show that (b) implies part (i) of (a). Let 
S be a simple composition factor of yP,/soc PO for some indecomposable 
projective module P,,. Then S is not projective since all the simple projec- 
tive composition factors of a module are in the socle of the module. Let P, 
be the projective cover of S. Then there is a morphism g: PI --) PO with 
Im g not simple. Therefore g is a nonisomorphism since (b) implies that 
Im g is projective, and P, is indecomposable. Consider the exact sequence 
0 + P, A P, -+ M + 0. This gives rise to the exact sequence 
Hom,,(P,, S) (g,s)b Hom,(P,, S)-+Exti(M, S)+O. Since Im gcrP,, 
we have that (g, S) = 0. Therefore Ext>(M, S) # 0 since Hom,(P, , S) # 0. 
Since pd M = 1, we know that S is not cotorsionless, which by (b) means 
that S is a torsion module because we have already seen that it is not 
projective. 
As an immediate consequence of Lemma 4.12 we have the following. 
PROPOSITION 4.13. Suppose A is stably equivalent to a hereditary 
algebra. Then a = T oCmod,,) n 9gCn, (I) has finite projective dimension and so 
c??‘” (A) is contravariantly finite in mod A. 
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We point out that it is easy to find examples of algebras not stably 
equivalent to hereditary algebras where pd g < co for a = r R,mod/l)nRYAp). 
For example, consider the path algebra of the quiver “C. -& .-L .-. 
modulo the relations ~1~ = 0, 6y/3 = 0. 
We also note that if A satisfies the hypothesis of Proposition 4.11, then 
A is ultimately closed; that is for each C in mod A there are only a finite 
number of indecomposable modules which are summands of syzygy 
modules for C. But our results cannot be generalized to ultimately closed 
algebras, since the example in [ 131 where Y”(A) is not contravariantly 
finite is ultimately closed. 
Since Y’“(A) is contravariantly finite if and only if 9” (i i) is 
contravariantly finite (see [IS]), one can create classes of examples where 
YP”‘(A) is contravariantly finite or not. 
5. TILTING AND COTILTING MODULES 
We have seen in Section 3 that 3 H 5Y’ gives a one-one correspondence 
between contravariantly finite resolving and covariantly finite coresolving 
subcategories of mod A. In this section we study the connection between 
cotilting modules and contravariantly finite resolving subcategories, and 
show amongst other things that TH ‘T gives a one-one correspondence 
between basic cotilting modules of finite injective dimension and 
contravariantly finite resolving subcategories, when A has finite global 
dimension. Special cases of such connections were used in [9]. We say that 
a module is basic if in a direct sum decomposition no indecomposable 
module appears more than once. 
Note that IT is the largest subcategory 3 of mod A where T is strong 
Extinjective, in the sense that Ext’,(%, T) = 0 for all i> 0. We start by 
studying a slightly different category associated with a selforthogonal 
A-module T, namely the subcategory X, of ‘T whose objects are the C such 
thatthereisanexactsequenceO-tC-*T,~T,~...~T,~T,+,... 
with Ti in add T and Imf, in L T for all n > 0. For a selforthogonal additive 
category o !& is defined similarly. 
We shall see in the first proposition that X, is closed under direct 
summands, so that this standard assumption is satisfied. 3,. is the largest 
subcategory of mod A where T is strong Extinjective and a cogenerator in 
the sense that each object in the category has an embedding into an object 
in add T with the cokernel again in the category. We shall investigate when 
these categories are contravariantly finite and resolving. We first prove 
some properties of L&,, which are needed to apply the theory in [3] (see 
also [20]). Then we go on to give connections with tilting theory. 
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PROPOSITION 5.1, For a selforthogonal category o the category Xu is 
closed under extensions, kernels of epimorphisms, and direct summands. 
ProojI We first prove that J!&, is closed under extensions. So let 
0 -+ A --t B + C + 0 be an exact sequence with A and C in ?&,. Then we 
have exact sequences 0 + A + To --) L + 0 and 0 + C + Td -+ K-P 0, with 
T, and T; in o and L and K in Xc*. 
Consider the pushout diagram 
0 0 
I I 
“-i-8-f O 
0 -T,- u-c-o 
I I 
L =L 
I I 
0 0 
SinceCisinX~c’T,wehaveExt!,(C,T,)=Osothat U=T,LIC.We 
then have the commutative exact diagram 
0 0 
I I 
O-B- T,LIC-L-O 
I/ I I 
O-B- T,LIT;- V-O 
It follows that V is in ‘w since lee is closed under extensions. Using that 
L and K are in ?&, and repeating the process, we see that B is in ?&. Hence 
!& is closed under extensions. 
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Now let 0 + A + B -+ C + 0 be an exact sequence with B in X,. We then 
have an exact commutative diagram 
0 0 
I I 
O-A- B-C-O 
I I 
O-T,= 0 
I i 
(*I 
O-C-K-E-O 
I J 
0 0 
with T, in w  and E in Xc,,. 
If C is also in Xc,,, we have that K is in XU since XU is closed under 
extensions. Hence A is in Xc,,, so that X1 is closed under kernels of 
epimorphisms. 
If BzALIC, we see from the exact sequence O+ALIC-+A LIK-t 
E + 0 coming from (*) that K is a summand of an object in XU, since Xc0 
is closed under extensions. Since summands of objects in XU are clearly in 
‘0, we see by repeating the process that A is in X,. This shows that XU 
is closed under summands. 
For a subcategory X of mod A we denote by X the subcategory of 
mod A whose objects are the C for which there is an exact sequence 
0 + X, + ... + X0 + C + 0 with A’, in X. For a further investigation of Xc,, 
the following result is useful [3, Th. 2.3, Prop. 3.61. 
PROPOSITION 5.2. Let 9” be a resolving subcategory of mod A with 
E.utinjective cogenerator o. If S? = mod A, we have the following. 
(a) F is contravariantly finite in mod A. 
(b) $Y=X’=ti. 
Since when o is selforthogonal, Xm is a resolving subcategory of mod A 
with cogenerator o, we would like to investigate when X,, = mod A. This 
leads to a close connection with tilting theory. 
We recall that a selforthogonal module T is a tilting module if pd T< OG 
and A is in a=T, where for a subcategory X of mod A we denote by X 
the subcategory whose objects are the C for which there is an exact 
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sequence 0 + C + X0 --f . .. -+X, --) 0 with all Xi in X. A selforthogonal 
module T is a cotilting module if id T < co and all injective modules are in 
A 
add T. In establishing our desired connection between cotilting modules 
and contravariantly finite resolving subcategories and between cotilting 
modules and covariantly finite coresolving subcategories, the following 
result is useful. 
PROPOSITION 5.3. Let X be a contravariantly finite resolving subcategory 
of mod A, and Y = X’ the associated covariantly finite coresolving sub- 
category of mod ,4. 
Then $=mod A ifand only ifY cy”(A). 
Proof: Assume first that $ = mod A, and let for each simple n-module 
S, n, denote the maximal number such that there is an exact sequence 
0 + X”$ + . . . x1 -+ X0 + S + 0 with the Xi in 3. Let n denote the maxi- 
mum of the numbers n,. Since for Y in Y, Exti(X, Y) = 0 for i > 0, we get 
that Ext>(S, Y) = 0 for all i > n. This shows that id Y Q n, so that 
Y CFyA). 
Assume conversely that 97 c sm(,4). Since Y is a covariantly finite 
coresolving subcategory of mod A, every object in Y is a direct summand 
of a module which has a filtration with factors amongst the Y’, where 
S+ Ys is a left Y-approximation for the simple /i-module S, by Proposi- 
tion 3.8. Hence Y c $d(,4) for some integer d, where d is the maximum of 
the injective dimensions of the modules Y’. Then for C in mod ,4, 
Ext;‘(C, Y)=O f or i> 0, so that QdC is in 55. Since X contains the 
projectives, this shows that C is in 5?‘, and consequently $ = mod A. 
We now get the following characterization of a category o to be add T 
for a cotilting module T, in terms of the associated category 3,. 
THEOREM 5.4. Let o be a selforthogonal additive subcategory of mod A. 
(a) o = add T for a cotilting module T if and only if ?& = mod A. 
(b) If T is a cotilting module, then XT = IT. 
Prooj Assume that w  = add T for a cotilting module T. We then have 
id T = n < cc and we want to show that XT = IT. Assume C is in IT, and 
let C + I be an injective envelope. Since Z is in a*T, we have the following 
exact diagram 
O-L -f -‘(C)-----b c- 0 
I I 
I I 
0- T,, - TI 
g -+ . . . ) T,, fI-0 
with the Ti in o and where L = Coker g. 
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Since L E a&??, we have Ext’,( ’ T, L) = 0 for i > 0, so that 0 + L -+ 
f-‘(C)-C-+0 splits. Hence we get a monomorphism 0 + C -+ T,. 
Then choose a map C + Tg such that any map C + T factors through 
Ch’ To II Td. Hence we have ExtL(Coker h, T)=O for i>O, so that 
Coker h is in IT. Continuing in this way, we see that C is in X,, so that 
‘T=X,=&. Then we have Ext>(C, T)=O for all i>n and C in mod A. 
This shows that Q’C is in ‘T = X,, so that !4?.T = mod LI. 
Assume conversely that XU = mod LI. Since XU is resolving and has o as 
a cogenerator, we get that XU is contravariantly finite and X,j = ti by 
Proposition 5.2. Further id T< cc for T in o by Proposition 5.3. Since 
D(A) is in Xt, we have an exact sequence 0 + w, + . . + o1 -+ w0 + 
D(A) + 0 with the w, in w. Then T = w0 II . II o,, is a cotilting module. 
Since any module in w  having T as a direct summand must be a cotilting 
module, and the number of nonisomorphic indecomposable summands of 
a cotilting module is the number of nonisomorphic simple n-modules 
[ 11,151, we conclude that w  = add T. 
We now return to the correspondences TM ‘T and TH a$$ for a 
selforthogonal module T. They give connections between cotilting modules 
and contravariantly finite resolving subcategories, and consequently also 
between cotilting modules and covariantly finite coresolving subcategories. 
THEOREM 5.5. Let T be a selforthogonal A-module. 
(a) T++ ‘T gives a one-one correspondence between isomorphism 
classes of basic cotilting modules and contravariantly finite resolving sub- 
categories X wi%X = mod A. 
(b) TH add T gives a one-one correspondence between isomorphism 
classes of basic cotilting modules and covariantly finite coresolving sub- 
categories qf Y”(A). 
Proof: We have seen that if T is cotilting, then lT = XT is contra- 
variantly finite resolving with I?= mod n and that a0 is covariantly 
finite coresolving. 
If X is contravariantly finite resolving, we know that X c XU by Proposi- 
tion 1.9, where w  =X n XL. If X = mod A, we have then Xw = mod /1, so 
that o = add T for a cotilting module T by Theorem 5.4, and XU is also 
contravariantly finite resolving, by Propositions 5.1 and 5.2. Then 
X”A = XL = 6 by Proposition 5.2, so that X, = X by Proposition 1.10. This 
finishes the proof of (a). Part (b) follows from (a) and Proposition 5.3. 
For algebras of finite global dimension we have X = mod LI for any 
category X containing all projective modules. This gives the following. 
142 AUSLANDER AND REITEN 
COROLLARY 5.6. Assume that gl. dim A < co. Then TH ‘T gives a 
one-one correspondence between isomorphism classes of basic cotilting 
modules and contravariantly finite resolving subcategories, and TH ,-;;;;‘r 
gives a one-one correspondence between isomorphism classes of basic 
cotilting modules and covariantly finite coresolving subcategories. 
If T is a classical cotilting module, that is, a cotilting module with 
id T< 1, it is well known that IT= Sub T [12]. We get the following, since 
all cotilting modules over hereditary algebras are classical. 
COROLLARY 5.7. Let A be an hereditary algebra. Then TM Sub T gives 
a one-one correspondence between isomorphism classes of (classical) basic 
cotilting modules and contravariantly finite resolving subcategories of mod A. 
Since it is often of interest to decide when 3 = lo, we give the following 
criterion. 
PROPOSITION 5.8. Let X be a contravariantly finite resolving subcategory 
of mod A, let Y = ?Zt^ l, and w = X”n Y, Then X = lw tf and only if 
Yn LW=O. 
Proof If % = ‘w, it is clear that Y n ‘o = o. Assume then that 
Y n lo = w  and let C be in lo. Since X is contravariantly finite resolving, 
we have an exact sequence 0 + Y -+ X + C -+ 0 with X in % and Y in Y by 
Lemma 1.3. Since C and X are in ‘0, it follows that Y is in ‘0. Hence the 
sequence splits, so that C is in X. This shows that X = ‘0. 
Dually, we associate with a selforthogonal A-module T the categories 
T’ = {C 1 Ext’( T, C) = 0, for i> 0} and Y== D?&-. We then have dual 
versions of all the above results. In particular, Yr is covariantly finite and 
coresolving when T is a tilting module, and add T is contravariantly finite 
resolving. 
We shall now show that if T is cotilting, then X, is in addition to being 
contravariantly finite also covariantly finite, and if T is tilting, then YT is 
also contravariantly finite. Since X, and YT are then by definition 
functorially finite and are in addition closed under extensions, they have 
almost split sequences [9, Th. 2.41. For this we shall need the following 
general result. 
PROPOSITION 5.9. Let (F, G) be an adjoint pair of functors with 
F: mod A + mod r and G: mod r+ mod A. Let Y c mod A be such that 
the natural morphism GF + I, where I is the identity, is an isomorphism on 
the objects of Y and 2Z c mod I’ such that the natural morphism I + FG is 
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an isomorphism on the objects of 9““, and assume that F(Y) c 2 and 
G(T’)cY. 
(a) If 3 is contravariantlyfinite in mod r, then Y is contravariantly 
finite in mod A. 
(b) If UY is covariantl-v finite in mod A, then 3 is covariantly finite in 
mod r. 
Proof: (a) Let C be in mod A, and let f: Z + FC be a right 
X-approximation of 1°C. Then we have the induced maps GZ -+ GFC + C 
in mod A, and we claim that this composition is a right OY-approximation 
for C. Let g: Y -+ C be a map with YE Y. We then get the commutative 
diagram 
FY 
h A F(R) 
Z-FC 
This gives rise to the commutative diagram 
and we are done. 
(b) is dual to (a). 
We now have the following consequence. 
COROLLARY 5.10. (a) If T is a cotilting module, then X, is functorially 
finite and resolving. 
(b) If T is a tilting module, then YT is functorially finite and 
coresolving. 
Proof If ,, T is a’(co)tilting module and I’= End,( T)Op, then T, is also 
a (co)tilting module and r(DT) a cotilting (tilting) module [15]. Further, 
(T, ) : mod A + mod r induces an equivalence between YT and XDT when T 
is a tilting module, and D(DT, )D = DTO, : mod A -+ mod r induces an 
equivalence between XT and YDT when T is a cotilting module. Further 
F = Tr@ - and G = (T, ) is an adjoint pair of functors in the first case, 
and DT@, and (DT, ) in the second case, satisfying the hypothesis of 
Proposition 5.8 (see [ 153). 
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Our results in this section suggest generalizing the concept of cotilting 
beyond finite injective dimension, by defining a general cotilting module 
to be a selforthogonal module T such that ‘T is contravariantly finite 
and add T = ‘T n (IT)‘. Similarly we deline a general tilting module to 
be a selforthogonal module T such that T’ is covariantly finite and 
add T= TL n I( T’). (Note that Wakamatsu has defined a generalized 
tilting module to be, in our terminology, a selforthogonal module T such 
that XT is resolving [ 191, and this is a strictly more general concept [20].) 
We now prove that our definition of a general cotilting module coincides 
with the usual one in the case of finite dimension. 
PROPOSITION 5.11. Assume id T < co. Then T is a cotilting module if and 
only if ‘T is contravariantly finite and add T = ‘T n (‘T)l. 
ProoJ: Assume that T is such that ‘T is contravariantly finite, 
add T= ‘Tn (IT)‘, and id T=d< co. Then for C in mod A, 
ExJ>(Q”C, T) N Ext>+“(C, T) =0 for i>O, so that QdC is in IT. Then 
IT= mod A, and since ‘T is clearly resolving, we conclude that T is a 
cotilting module by Theorem 5.4. 
If conversely T is a cotilting module, then IT= XT is contravariantly 
finite by Theorem 5.4. We also have that add T is the category of Extinjec- 
tives in .%?“,= IT. 
To construct tilting or cotilting modules, it is of interest to have criteria 
for a module to be a summand of a tilting or cotilting module, also in the 
case of general tilting and cotilting modules. In the classical case it is well 
known that if Exti( T, T) = 0 and id T< 1, then there is some T’ such that 
TLI T’ is a cotilting module [lo]. We shall see that in general this 
problem is closely related to the question of IT being contravariantly 
finite. We note that in general T being selforthogonal and id T < co is not 
sufficient for T to be extended to a cotilting module [ 161. 
We have the following sufficient condition, which is also given in [16] 
with a different proof. 
PROPOSITION 5.12. If T is selforthogonal, id T = d< CC and lT is con- 
travariantly finite, then there is some T’ such that T” = T ll T’ is a cotilting 
module and id T” = d. 
Proof: Let o be the additive category of Extinjective modules in lT. 
It is easy to see that ‘T= ‘0, and since id T<co, we have 
l”o = I>= mod ,4. Since l’w is contravariantly finite, it follows from 
Theorem 5.3 that o = add T” for a cotilting module T”. 
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For C in mod /1, Ext’(Q’C, T) = 0 implies Ext’(Q’C, T”) = 
Ext’+d(C, T”) = 0 so that id T” Gd. 
Note that the fact that T can be extended to a cotilting module 
when id Td 1 is a special case of Proposition 5.12, since lT = 
(C 1 Ext’(C, T)=O). Th’ is category is contravariantly finite by the remark 
after Proposition 1.8, since add T is covariantly finite. 
It would be interesting to know if conversely for any summand T of a 
(general ) cotilting module, ‘T is contravariantly finite. Also we do not 
know if when T is selforthogonal and ‘T is contravariantly finite, there is 
only a finite number of indecomposable Extinjective modules in IT. 
If T is selforthogonal, we do not know if the number of nonisomorphic 
indecomposable summands of T is at most the number of simple modules, 
even if id T< co. This is the case when ‘T is contravariantly finite and 
id T< cc by Proposition 5.12 and [ll, 163. In particular, it is not known 
if Ext’(n II T, A LIT) = 0 for i > 0 implies that T is projective. This problem 
is equivalent to the generalized Nakayama conjecture (see [6]). It holds 
for finite representation type, as proved in [IS]. Here we give another 
proof in the spirit of contravariantly finite subcategories. Note that 
Proposition 5.11 cannot be applied since we do not know if the number of 
nonisomorphic indecomposable summands of a general cotilting module is 
the same as the number of nonisomorphic simple modules. The hypothesis 
in the next result is satisfied for algebras of finite representation type. 
PROPOSITION 5.13. Let T in mod A be such that T LI A is selforthogonal. 
If T’ is contravariantly finite, then T is projective. 
Proof: Clearly T’ contains T, the projectives and the injectives. 
??/ = T’l also contains all the injectives. Assume Y is in oy and consider 
0 + Y + Z + Z --t 0 where I is injective and hence in T’. We have 
Ext’(T, Y) = 0 for i>O, since T is in T’. Hence we get Ext’( T, Z) = 0 for 
i>O, so that Z is in T’. But then Ext’(Z, Y)=O, so that the sequence 
splits, showing that Y is injective. When T ’ is contravariantly finite, we 
have % = T’ by Proposition 1.10. Since g is the category of injectives, we 
then conclude T’ = mod A. In particular, Ext’( T, C) = 0 for all C in 
mod /i, so that T is projective. 
It is worth noting that if T II /i selforthogonal implies T projective for 
a /i-module T when ,4 is a commutative local selfmjective artin ring, we 
have the following consequence: If R is a commutative local Gorenstein 
ring and M is a CohenMacaulay module with Ext’(M, M) = 0 for i > 0, 
then M is projective. For if M is not projective, consider M/(x,, . . . . x,)M 
over the artin ring R/(x,, . . . . x,), where x, , . . . . s, is an R-sequence of 
maximal length. 
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6. STRONG COTILTING MODULES AND 
COHEN-MACAULAY RINGS 
Throughout this section let R denote a commutative complete local 
noetherian Cohen-Macaulay ring. We show that the dualizing R-module w  
is closely connected with cotilting modules over artin algebras. Special 
properties of the dualizing module motivate the definition of a special type 
of cotilting module which we call strong cotilting module. This leads us to 
an analogue of Cohen-Macaulay and Gorenstein rings for artin algebras, 
and we give some properties and examples of these. 
To get a common setting for the dualizing R-module w  and a cotilting 
module over an artin algebra ,4, we give the following definition. 
Throughout this section r denotes a noetherian algebra, i.e., r is an 
algebra over a commutative noetherian ring S which is a finitely generated 
S-module. From this it follows that add M is covariantly finite in mod r 
for all A4 in mod K We say that T in mod r is a cotilting module if T is 
selforthogonal, id T < co, and add T is a cogenerator for mod r’. 
It is easy to see that this definition coincides with the usual definition for 
artin algebras, and it follows from [3, Ex. 4, Th. 1 l] that the dualizing 
R-module w  is a cotilting module in this sense. The category X, is then the 
Cohen-Macaulay modules. Our previous proofs give the following. 
PROPOSITION 6.1. Zf T is a cotilting module over the noetherian algebra 
r, then XT = mod r. 
The notion of tilting module generalizes verbatim to the rings r, and r 
is clearly itself a tilting module. We now show that for the rings R there are 
no tilting or cotilting modules other than the ones we have mentioned. 
PROPOSITION 6.2. Let R be a commutative complete local noetherian 
Cohen-Macaulay ring with dualizing module w, and let T be a basic 
R-module. 
(a) T is a cotilting module- TN w. 
(b) T is a tilting module- TN R. 
ProoJ: (a) Let T be a basic selforthogonal R-module with id T< co. 
We first show that T is maximal Cohen-Macaulay. If d = dim R, we know 
id T= d since id T< co. If depth C > 0, it is easy to see that ExV’(C, T) = 0. 
Let B be such that Extd(B, T) # 0. Then for the maximal submodule A of 
finite length, we have ExV’(A, T) #O. Hence ExV’(M, T) # 0 for any 
module M of finite length and consequently for any A4 with depth A4 = 0. 
Let xi, . . . . x, be a maximal regular T-sequence. Since Ext’( T, T) = 0 
for i> 0, it follows that Ext’( T/(x,, . . . . x,) T, T) = 0 for i> s. Since 
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depth T/(x,, . . . . x,) T = 0, we get d = id T= s, showing that T is (maximal) 
CohenMacaulay. 
Since id T < GO, we have an exact sequence 0 + ~1, + ... -+ ~1~ -+ 
T+ 0 with all wi in add w  [17,3]. Since T is Cohen-Macaulay, we have 
Ext’( T, w) = 0 for i > 0. This shows that T is a summand of wO, and hence 
TN w since T is basic. 
(b) Let T be a basic orthogonal R-module with pd T= n < cc. Then 
Ext”(T, R) #O, and since Ext”( T, ) is right exact, we have Ext”( T, T) 2: 
Ext”( T, R) OR T. Since for a local ring the tensor product of two nonzero 
modules is not zero, we must have n = 0. This shows that T = R. 
For the dualizing R-module w, we know from [ 17; 3, Cor. 6.4) that 
aG=Y”(R). Motivated by this we call a cotilting A-module T with 
a-=9”(A) a strong cotifting module. Dually we say that a tilting 
module T is strong if add T= Y’m(A). By our results from Section 5 we 
have the following. 
PROPOSITION 6.3. (a) An artin algebra A has a strong cotilting module 
if and only zf”.F(A) is contravariantly finite in mod A. 
(b) If A has a basic strong cotilting module, it is a direct sum of one 
copy of each indecomposable E+xtprojective module in S%(A), and is hence 
unique. 
We note that we get the following description of a strong cotilting 
module from [3, Prop. 4.61. 
PROPOSITION 6.4. A cotilting module T is strong tf and only tf T is a 
minimal cover for add T. 
Note that this means that if for a cotilting module T we consider the 
preprojective partition of add T, then all summands of T are in the first 
layer YO(add T) if and only if T is strong. 
If ,, T is a (co)tilting module and f = End,,(T)OP. then T, is also a 
(co)tilting module. But ,, T may be strong without Tr being strong, as the 
following example shows. 
EXAMPLE. Let A be an artin algebra whose linitistic dimension is 0, and 
where Aop has nonzero linitistic dimension. Such examples exist by Small 
(see [ 141). Then P’“(A) = P’(A), so that ,, A is a strong tilting module. 
But if pdnopC= n > 0, then Ext”,,,(C, Aop) # 0, so that A,, is not Extinjective 
in Pp”(Aop). 
There is, however, the following connection between ,, T and Tr [4]. 
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PROPOSITION 6.5. ,, T is a strong cotilting module if and only if every 
simple r”P-module is contained in T,. 
Like for the rings R we get the following when ,, T and T,- are both 
strong cotilting modules. 
PROPOSITION 6.6. Assume that ,, T and Tr are both strong cotilting 
modules, where r= End,( T)OP. Then the jiinctor F= (T, ) : mod A + mod r 
induces an equivalence of categories F: 9 O” (A ) + 9 m(lJ. 
Proof Assume pd,B < co. Since ,(DT) is a strong tilting module, we 
have an exact sequence 0 + B + DT, + . . . --f DT, + 0 with the DTi in 
addDT. Since Ext>(T, T)=O for i>O, we have D(Ext>(T, T))= 
Torf( T, DT) = 0, and hence by dimension shift we have Tor’( T, B) = 0. 
Let then 0 + P, + ... + P, + B + 0 be exact in mod r, with the Pi projec- 
tive. Then 0 --f TQ, P, + .. . + TO, P, + TQr B + 0 is exact, showing 
that TQr BE Y”(A). Consider then 
o- (T, TO,P,) - . ..- (T, T@,P(J -(T, TOrB)- 0 
I 
“n 
I 
010 
I 
a 
o- PII - . ..- pll - B -0 
Here we write (A, B) for Hom,(A, B). 
The first sequence is exact since Ext>(T, TO, B) = 0 for i> 0, using 
that T is Extprojective in -am(A). Since Hom,(T, TQA)+A is an 
isomorphism, we get that tl: (T, TQ B) + B is an isomorphism. 
Assume now that id,, C< co. Since ,, T is a strong cotilting module, we 
have an exact sequence 0 + T,, + . . . + T,, + C + 0 with the Ti in add T. 
Since ExtL( T, C) = 0 for i > 0, we get an exact sequence 0 -+ (T, T,) -+ . . . -+ 
(T,T,,)-+(T,C)+O in modr, so that pd,(T,C)<oo. Since then 
Torf( T, (T, C)) = 0 for i > 0, we get an exact sequence 
O+TQ,(T, T,)+ ... +TQ,(T,T,)+TQ,(T,C)+O. 
Since TQ, (T, T) -+ T is an isomorphism, we get that TQr (T, C) -+ C is 
an isomorphism. This finishes the proof. 
Motivated by complete local noetherian Cohen-Macaulay rings we 
define a A-bimodule ,, TA to be a dualizing module if ,., T and T,, are both 
strong cotilting modules and the natural map A + End(, T) is an 
isomorphism. We say that A is a Cohen-Macaulay algebra if A has a 
dualizing module. We define the Cohen-Macaulay modules to be the 
category CM(A) = XT. As an immediate consequence of Proposition 6.6 we 
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then have the following, where the second part follows directly from tilting 
theory [ 151. 
PROPOSITION 6.7. Let A be a Cohen-Macaulav algebra with dualizing 
module ,, T,, . 
(a) F= (T, ): mod A + mod A induces an equivalence of categories 
between $“(A) and .!?““(A). 
(b) G = ( , T): mod A + mod Aop induces a duality between CM(.4) 
and CM( A Op). 
We point out that there are strong cotilting modules n T such that T, is 
also strong, but f $ A. It is easy to see that this happens when A is the 
algebra with _r* = 0 given by the following quiver: : + _. + 0 CI 
We now give some examples of Cohen-Macaulay algebras. 
Let ,4 be a local artin algebra. Then it is easy to see that the linitistic 
dimension of A is 0, so that .Ym(A) consists of the injective modules, which 
are then the Extprojective modules in YX(A). Hence ,, (D/1), is a dualizing 
module, so that A is Cohen-Macaulay. 
The following result gives a procedure for constructing new examples 
from old ones. 
PROPOSITION 6.8. If ,, T,, is a dualizing module, then (F “,) is a dualizing 
module for T,(A) = (1: i). 
Proof. If ,, T is a strong cotilting module, it is easy to see that we 
have a minimal covariant approximation A -+ T’ in Xm(A), with 
add T’= add T. Considering the T,(A)-modules as maps between A- 
modules. we have that 
are covariant Y”(T,(A))-approximations. It is easy to see that this means 
that (’ O T T) is a strong cotilting module, as a left T,(n)-module, and 
similarly as a right T,(A)-module. Further the isomorphism A N End( T)Op 
induces an isomorphism 
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Another interesting class of Cohen-Macaulay algebras are the algebras 
A with id,, A < 03 and id A,, < co, which we call Gorenstein algebras. We 
first make the following well-known easy observation. 
LEMMA 6.9. Let A be a Gorenstein ring. 
(a) id,, A = id A,,. 
(b) s“‘(A) = S-(A). 
Proof. (a) If id,A =n, then Ext>(D(AoP), A) = 0 for i> n. Since 
pd, D(Aop) = id,OpAoP < cc, this shows that id,OpAoP <n = id,A. Dually 
we get id,, A d idnap Aop. 
(b) This follows directly using id,, A < cc and pd,D(AoP) < co. 
To see that a Gorenstein algebra A is Cohen-Macaulay we observe that 
A is a cotilting module, and hence add A = pm(A) = s-(A) is covariantly 
finite. By duality it follows that Y”(A) = Ym(A) is also contravariantly 
finite. 
It would be interesting to know if id,A < cc implies that A is 
Gorenstein, and we devote the rest of the section to a discussion of this. 
This problem is connected with two other unsolved problems: 
If T is a selforthogonal A-module with id T-C cc and the number of 
nonisomorphic summands of T is equal to the number of nonisomorphic 
simple A-modules, is then T a cotilting module? A is clearly selforthogonal 
and the number of nonisomorphic indecomposable summands is the same 
as the number of simple A-modules. If id,, A < co, then A is clearly a 
cotilting module if and only if id A, < co. 
The next result gives a connection with the linitistic dimension conjec- 
ture. 
PROPOSITION 6.10. If id A,, < 00, then id,, A < KJ if and only if the 
finitistic dimension of A is finite. 
Proof: Assume that id A, =n< co, and let O+ A -tZ,A I, + 
1; I*’ ... +zipl-+zi+ . . . be a minimal injective resolution of A. Then 
we have Ext’(Im fi, A) #O if Im f,#O. Since pd(Im f;) < co, both implica- 
tions follow from this. 
As a consequence of our results in Sections 5 we have the following 
additional information on the problem. 
F~OP~SITION 6.11. Zf idnopAoP < co, the following are equivalent. 
(a) id,, A < co. 
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(b) $, = mod A. 
(c) J& is contravariantly finite in mod A. 
Proof. Since we have idnoP A”P < co, we know that A is a cotilting 
module if and only if id,A < co, and hence (a) is equivalent to (b). 
We have by our previous results that (b) implies (c). 
Assume now that LQ is contravariantly finite. Then L’TY = add A c sw(A) 
is covariantly finite. For each simple A-module S consider the exact 
sequence 0 + S -+ Ys + Xs -+ 0 with Ys in JY and Xs in &. Since 
Ext’(XS, A) = 0 for i > 0, we have Ext’( Y”, A) r Ext’(S, A) = 0 for i> n for 
some n, using pd Ys< co. This shows id,,A < co. 
PROPOSITION 6.12. Zf id, A = n < 00, the following are equivalent. 
(a) id,O,AoP < og. 
(b) ‘A is contravariantly finite. 
Prooj If (a) holds, we have seen that A is a cotilting module, so that 
‘A is contravariantly finite. 
If ‘A is contravariantly finite, we have by Theorem 5.2 that 
l/i = mod A, so that A is a cotilting module by Theorem 5.4. Hence we 
have that id,,,A”P is finite. 
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